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Abstract
We investigate the free complex of a convex geometry. Edelman and Reiner showed that the free complex of a convex geometry
is contractible. Moreover, their paper stated a conjecture about the topology of free complexes. This paper proves their conjecture.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A point conﬁguration is a ﬁnite set of distinct points in the Euclidean space. In a point conﬁgurationA ⊂ Rd , a set
K of vertices inA is free if conv(K) ∩A= K . Ahrens et al. [1] conjectured the following formula:
|int(A)| = (−1)d−1
∑
K:free
(−1)|K||K|,
where int(A) is the points inA which are in the interior of the convex hull ofA. Edelman and Reiner [5] proved that
the conjecture is true. Here, because a point conﬁguration can be viewed as an example of convex geometries, they
investigated a generalization of the problem for general convex geometries. In this generalization, the concept of free
sets is replaced by the free sets of a convex geometry in a natural way, and x ∈ int(A) is replaced by DepC(x) = X
where X is the ground set of the convex geometry. DepC(x) will be deﬁned in Section 6 of this paper.
They rewrote the above formula as
|int(A)| = (−1)(d−1)
∑
x∈A
˜x ,
where ˜x =
∑
K:free,x∈K (−1)|K|.
Here, the free sets in a convex geometry C forms a simplicial complex Free(C) as will be seen in Section 2. By this
terminology, ˜x = ˜(DelFree(C)(x)), where ˜ is the reduced Euler characteristics. Edelman and Reiner’s result [5] was
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derived by showing
˜x = ˜(DelFree(C)(x)) =
{
(−1)d−1 if x ∈ int(A),
0 if x /∈ int(A)
for point conﬁgurations. This formula was derived by the following: (a) DelFree(C)(x) has the integral homology of the
(d − 1)-dimensional sphere if x ∈ int(A), and (b) DelFree(C)(x) is contractible if x /∈ int(A). In view of generalizing
this result to convex geometries, they conjectured that (b) holds for any convex geometries by replacing x /∈ int(A) by
DepC(x) = X. In this paper we prove that this conjecture is true for any convex geometries.
Further, for (a) they observed that in several subclasses of convex geometries DelFree(C)(x) has the integral homology
of the bouquet of equidimensional spheres if DepC(x)=X, and raised a question whether this is true or not in general.
We answer negatively to this question in Section 7.
In the way, we also investigate the class of free complexes and that of non-evasive complexes.
2. Preliminaries on convex geometries and their circuits
The convex geometry is an expression of combinatorial convexity. The convex geometry can be deﬁned in several
ways. These deﬁnitions are logically equivalent. For example, we can deﬁne convex geometries by the closure operator.
Let X be a non-empty ﬁnite ground set. A mapping  : 2X → 2X is said to be a closure operator if it satisﬁes
(1)A ⊂ (A), (2)((A))= (A), (3)(A∪B) ⊇ (A)∪ (B). Moreover, we assume (∅)= ∅ on the closure operator.
For a closure operator , we call A ⊂ X with (A) = A a closed set.
Closed sets satisfy the following properties by deﬁnition: (1) the whole set X and the empty set are closed sets, (2)
the intersection of two closed sets is also a closed set. Conversely, when a familyC satisfying these conditions is given,
we can reconstruct the closure operator by (A) =⋂{B ⊂ X|A ⊂ B,B ∈ C}. We call the set of closed sets a closure
system.
A closure operator onX satisfying the following anti-exchange axiomdeﬁnes a convexgeometry: for anyx, y /∈ (A),
x ∈ (y ∪ A) implies y /∈ (x ∪ A).
Equivalently, a closure system C induces a convex geometry if and only if it satisﬁes the following condition: for
any A ∈ C with A = X, there exists x /∈A with A ∪ {x} ∈ C.
For a convex geometry on X, the mapping ex : 2X → 2X deﬁned by ex(A) = {x ∈ A | (A) = (A − x)} is called
the extreme operator of the convex geometry. For any convex geometry and any set except the empty set, the value of
ex is not the empty set. Note that (ex(A)) = (A) holds.
For a convex geometry, A ⊂ X such that (A) = A and ex(A) = A is called a free set.
A convex geometry can also be expressed by rooted circuits. For a convex geometry on X, (S, r) is a rooted circuit
if S ∈ MIN{A ⊂ X | r ∈ (A), r /∈A}, where MIN means the collection of minimal sets with respect to inclusion. We
call S the stem of the rooted circuit (S, r).
The set {(Si, ri)}i∈I of rooted circuits of a convex geometry satisﬁes the following conditions [3]:
1. For any i, ri /∈ Si and Si is non-empty.
2. For any two rooted circuits (Si, ri) and (Sj , rj ), Si ∪ {ri} ⊂ Sj ∪ {rj } implies Si ∪ {ri} = Sj ∪ {rj }.
3. For rooted circuits (Si, ri), (Sj , rj ) with ri ∈ Sj , there exists a rooted circuit (Sk, rj ) such that Sk ⊂ Si ∪ Sj − {ri}.
Conversely, {(Si, ri)}i∈I satisfying the above conditions is the set of rooted circuits of a convex geometry, and the
closure operator  is reconstructed by (A) = A ∪ {r ∈ X | (S, r) is a rooted circuit s.t. S ⊂ A}.
Lemma 1. For a convex geometry and A ⊂ X and r ∈ A, there exists a rooted circuit (S, r) for some S ⊂ A if and
only if r /∈ ex(A) holds.
Proof. For a rooted circuit (S, r) with S ⊂ A, r ∈ (S) ⊂ (A − r). So r /∈ ex(A).
Conversely, for r /∈ ex(A), r ∈ (A) = (A − r). So there exists a rooted circuit (S, r) with S ⊂ A − r . 
This lemma is also obtained as an easy corollary of [7, Lemma III.3.5].
For a point conﬁguration in a Euclidean space, a combinatorial geometry arises as follows. Let the ground set X
be the set of points of the conﬁguration and deﬁne the closure operator by (A) = conv(A) ∩ X. Then this closure
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operator satisﬁes the anti-exchange axiom, thus is a convex geometry. For this convex geometry arisen from a point
conﬁguration, ex(A) corresponds to the set of extreme points of conv(A). A free set corresponds to a set of points
whose convex hull does not contain other points from X.
3. Preliminaries on simplicial complexes
A family  of sets on X is a simplicial complex if A ∈  and B ⊂ A imply B ∈ . A simplicial complex is also
called an independence system. An element of a simplicial complex  is called a face. A set which is not a face is called
a non-face. Note that we admit the case that the union of all the faces of a simplicial complex does not equal the ground
set X. A point y ∈ X is said to be a loop if y does not belong to any face.
The deletion of A from a simplicial complex  is the simplicial complex deﬁned by Del(A)={B ∈  |A∩B =∅}.
For a convex geometry, the set of free sets forms a simplicial complex. Such a simplicial complex is called the
free complex of the convex geometry C, denoted by Free(C). A minimal non-face with respect to inclusion is called a
minimal non-face. In terminology of the independence system, it is called a circuit. The set of minimal non-faces of 
is denoted by C().
The set of minimal non-faces determines a simplicial complex. That is, a set which does not contain any minimal
non-faces becomes a face. That is,
= {B ⊂ X |A /⊂ B for all A ∈ C()}.
The minimal non-faces of the deletion of x ∈ X consist of the minimal non-faces which do not contain x:
C(Del(x)) = {A | x /∈A,A ∈ C()}.
We have the following properties both of which can be shown easily.
Lemma 2. For a convex geometry C on X, we have
C(Free(C)) = MIN{S | (S, r) is a rooted circuit for some r ∈ X}.
Lemma 3. A point x is a loop of the free complex if and only if there exists a rooted circuit whose stem is {x}.
For a simplicial complex , the link of A ⊂ X is the simplicial complex Link(A) = {B |A ∩ B = ∅, A ∪ B ∈ }
on X − A.
4. Preliminaries on minors of convex geometries
For a convex geometry C and A ⊂ X, C\A is deﬁned by C\A(B) = C(B) ∩ (X − A). In [7], C\A is called the
trace of C on X − A. It is easy to see that the rooted circuits of C\A are the collection of rooted circuits (S, r) of C
such that (S ∪ {r}) ∩ A = ∅.
It is known that, for a convex geometry C, C\A is also a convex geometry.
The next lemma appeared in Lemma 17 of [6].
Lemma 4. For y ∈ ex(X), Free(C\y) = DelFree(C)(y) holds.
Assume that x is not a loop of the free complex of a convex geometry C. For a convex geometry C, the contraction
C/x is deﬁned by the rooted circuits MIN{(S − x, r) | r = x, (S, r) is a rooted circuit of C} where (S1, r1)(S2, r2)
is deﬁned by S1 ⊂ S2 and r1 = r2.
It is known that the contraction of x from a convex geometry is also a convex geometry.
The next lemma appeared in Lemma 17 of [6].
Lemma 5. For y ∈ ex(X), Free(C/y) = LinkFree(C)(y) holds.
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5. Evasiveness of free complexes
The non-evasiveness of a simplicial complex is deﬁned inductively as follows:
1. A simplicial complex which consists of one point is non-evasive.
2. A simplicial complex is non-evasive when both of the link of x and the deletion of x are non-evasive for some x ∈ X.
Non-evasiveness is stronger than collapsibility, which is stronger than contractibility [2].
It is proved in Lemma 4.2 of [5] that the free complex of a convex geometry is contractible. Moreover, Theorem 18
in [6] showed that the free convex is non-evasive.
Theorem 6 (Edelman et al. [6]). The free complex of a convex geometry is non-evasive.
We provide its proof here for the sake of self-containedness.
Proof. We prove this by induction on the size of the ground set.
It is trivial when the ground set consists of a point.
Because ex(X) is not empty, we can take y ∈ ex(X). Then we show that both of LinkFree(C)(y) and DelFree(C)(y)
are non-evasive.
By Lemma 5, LinkFree(C)(y) = Free(C/y). So LinkFree(C)(y) is non-evasive by the induction hypothesis.
By Lemma 4, DelFree(C)(y) = Free(C\y). Then DelFree(C)(y) is non-evasive by the induction hypothesis.
So we have proved that the free complex of a convex geometry is non-evasive. 
In this section we show the converse is not true.
Example 7. The class of non-evasive simplicial complexes is properly larger than the class of simplicial complexes
of the free complexes of some convex geometry.
Consider the simplicial complex whose faces are
{a, b, d}, {a, d, e}, {a, c, e}, {b, d, e}, {b, c, e}, {x, b, d}, {x, a, b}, {x, a, c}, {x, c, e}.
Thenwe have a simplicial complexwhich has six points and nine facets. The restriction to {a, b, c, d, e} of the simplicial
complex is illustrated in Fig. 1.
The simplicial complex is non-evasive: the vertex x satisﬁes the condition that both the deletion of x (Fig. 1) and the
link of x (the thick lines in Fig. 1) are non-evasive. On the other hand, x is the only vertex satisfying this condition because
deleting other vertex makes the simplicial complex non-contractible.Assume that there exists a convex geometry whose
free complex is the simplicial complex. From the proof of Theorem 6 we observe that ex(X) = {x}. Note that ex(X)
should be non-empty. So there exists a rooted circuit whose stem is {x}. Then x is a loop in the free complex, a
contradiction.
a
d e
cb
Fig. 1. Restriction to {a, b, c, d, e} of a counterexample.
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6. The main theorem
Edelman and Reiner [5] introduced the concept that x depends on y. x depends on y if there exists Y ⊂ X such that
x ∈ (Y ∪ y) and x /∈ (Y ). Denote DepC(A) = {y | x depends on y for some x ∈ A}.
Lemma 8. DepC(A) =
⋃{S | (S, x) is a rooted circuit of C, x ∈ A} ∪ A holds.
Proof. We have only to show that DepC(x) =
⋃{S | (S, x) is a rooted circuit of C} ∪ {x} because each side in the
statement is the unions of the corresponding side of this equality over A. Assume that y ∈ DepC(x) − x, that is, x
depends on y. Then there exists A ⊂ X such that x ∈ (A ∪ y) and x /∈ (A). Then there exists a rooted circuit (B, x)
such that B ⊂ A ∪ y. Here we have y ∈ B because y /∈B contradicts x /∈ (A).
Conversely, assume that (B, x) is a rooted circuit. Then a point y with y ∈ B satisﬁes that x depends on y by setting
A = B\y in the deﬁnition. 
The next theorem is conjectured by Edelman and Reiner [5]. This is the main theorem of this paper.
Theorem 9. Let C be a convex geometry and x ∈ X. Unless DepC(x) = X, DelFree(C)(x) is contractible.
For a point conﬁgurationA, DepC(x) = X means x ∈ int(A).
We show more general theorem instead of proving the above theorem because we can show it similarly to the above
theorem.
Note that this statement contains Theorem 6 by setting A = ∅.
Theorem 10. Let C be a convex geometry and A ⊂ X. Unless DepC(A) = X, DelFree(C)(A) is non-evasive.
Proof. We prove the theorem by induction on |A| and |DepC(A)|. Note that |DepC(A)| |A|.
For the case that A is the empty set, it follows from Theorem 6.
Next we show the case of |A|> 0 and |DepC(A)|= |A|. Since ex(A) is non-empty, take x ∈ ex(A). This implies that
there exists no rooted circuit (S, x) with S ⊂ A, by Lemma 1. On the other hand, since DepC(A) = A, there exists no
rooted circuit (S, x) with S /⊂ A, either, by Lemma 8. Hence there is no rooted circuit (S, x) and x ∈ ex(X) follows by
Lemma1.ThenDelFree(C)(x)=Free(C\x) byLemma4. SoDelFree(C)(A)=DelDelFree(C)(x)(A−x)=DelFree(C\x)(A−x).
So DelFree(C)(A) is non-evasive since DelFree(C\x)(A− x) is non-evasive by the induction hypothesis on |A|. Note that
DepC\x(A − x) = DepC(A) − x = X − x.
Finally, we show the statement for |A|> 0 and |DepC(A)|> |A| under the induction hypothesis.
We show DepC(A)∩ ex(X) is non-empty. Suppose that DepC(A)∩ ex(X) is empty. We have (X −DepC(A))=X
because (ex(X)) = X and ex(X) ⊂ X − DepC(A). Therefore, we have A ⊂ (X − DepC(A)). For any r ∈ A,
there exists a rooted circuit (S, r) such that S is included in X − DepC(A), a contradiction to Lemma 8. Therefore,
DepC(A) ∩ ex(X) is non-empty. We can take y ∈ DepC(A) ∩ ex(X).
When y ∈ A, similarly to the case DepC(A) = A above, DelFree(C)(A) = DelFree(C\y)(A − x) and it is shown to be
non-evasive by the induction hypothesis on |A|. So we can assume y /∈A.
We separate two cases: there exists a face of the free complex which contains y or not.
In the case that there exists no face of the free complex which contains y, the evasiveness of C\y is equivalent to
that of C. So C is non-evasive by the induction hypothesis on |DepC(A)| in this case.
Next we consider the case that there exists a face of the free complex which contains y. By Lemma 3, {y} is the stem
of no rooted circuit. To show that DelC(A) is non-evasive, we show both the deletion of y and the link of y in DelC(A)
are non-evasive.
By Lemma 4, DelFree(C)(y) = Free(C\y). We have DepC\y(A) = X − y because of y ∈ ex(X) and Lemmas 1 and
8. |DepC\y(A)|< |DepC(A)| since y /∈A. So DelFree(C\y)(A) is non-evasive by the induction hypothesis on the size of
DepC(A). So the deletion of y from DelFree(C)(A) is non-evasive.
By Lemma 5, LinkFree(C)(y) = Free(C/y). Note that DepC/y(A) = X − y because of y ∈ ex(X) and Lemmas 1
and 8. So DelFree(C/y)(A) is non-evasive by y /∈A and the induction hypothesis on the size of DepC(A). So the link of
y to DelFree(C)(A) is non-evasive. 
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7. Deletion of interior point
Problem 5.2 in [5] states the following problem:
For x ∈ X with DepC(x) = X, does DelFree(C)(x) always have the same integral homology as a bouquet of
equidimensional sphere?
We give a counterexample of this question.
Example 11. Consider a simplicial complex  whose facets are {a, b, c}, {b, c, d}, {a, c, d}, {a, b, d}, {c, e}, {d, e}.
This simplicial complex is homotopy equivalent to a bouquet of a 1-sphere and a 2-sphere. The minimal non-faces
are {a, b, c, d}, {c, d, e}, {a, e}, {b, e}. Consider a convex geometry C whose rooted circuits are ({a, b, c, d}, x),
({c, d, e}, x), ({a, e}, x), ({b, e}, x). Then it satisﬁes the axiom of rooted circuits.
The deletion of x from the free complex is the simplicial complex.Moreover, it satisﬁesDepC(x)={a, b, c, d, e, x}.
By the same construction, we can even show that DelFree(C)(x) can have the integral homology of any type of
simplicial complexes.
In this construction, to satisfy DepC(x) = X is equivalent to that there exists no vertex contained in all the faces of
the base simplicial complex. This can be assured, for example, by taking the barycentric subdivision.
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